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Abstract

Numerical computations were carried out to clarify the effect of Kelvin force on the flow of water in a vertical cylindrical enclo-

sure heated from below and cooled from above under a vertical magnetic field gradient. Since the Kelvin force that is produced by

the magnetic field gradient depends on the position and the size of a circular electric coil, the coil was placed at either the hot or the

cold plate and the coil diameter was set to be 2.5 or 5 times that of the enclosure. First, to understand the mechanism of the gen-

eration of the magnetothermal convection induced by the Kelvin force alone, the transition of velocity and temperature fields were

visualized under a non-gravitational field. Under a gravitational field, the average Nusselt number decreased with increase of mag-

netic strength when the coil was placed at the lower end plate which was heated isothermally so that the generation of natural con-

vection was suppressed by the Kelvin force. On the contrary, the average Nusselt number increased with increase of magnetic

strength when the coil was placed at the upper end plate which was cooled isothermally so that the natural convection was enhanced

by the Kelvin force.

� 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Many reports on the interaction between a magnetic

field and a fluid have appeared. For example, the control

of thermal convection in a liquid metal with high elec-

tric conductivity (Chandrasekhar, 1981) and the control

of ferromagnetic fluid without electric conductivity
(Rosensweig, 1985) have been extensively studied from

the basics to the application. The purpose of the present

study is to control the convection of a diamagnetic fluid

without electric conductivity by a magnetic field. In an

electrically conducting fluid such as mercury, the force

acting on the fluid is the Lorentz force. On the other

hand, in an electrically non-conducting fluid such as
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air or water, the force acting on the fluid is the Kelvin

force (Gray et al., 2001). This force is called a magnetic

or magnetizing force in the field of engineering. The Kel-

vin force is produced only under inhomogeneous mag-

netic field. The Lorentz force, however, is produced

under both homogeneous and inhomogeneous magnetic

fields.
Regarding Kelvin force, Faraday (1847) examined

the effect of magnetic field on flame and gases using an

electromagnet. Pauling et al. (1946) developed an instru-

ment for determining the partial pressure of oxygen in a

gas by using Kelvin force. Carruthers and Wolfe (1968)

reported the effect of magnetic field on oxygen gas in a

rectangular container with a thermal gradient by using

an electromagnet. Then, in the 1990s, by the develop-
ment of a super-conducting magnet that does not re-

quire liquid helium, investigations to determine the
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Nomenclature

~b magnetic induction [T]
~B =~b=b0, dimensionless magnetic induction [–]
cp specific heat capacity at constant pressure

[J/(kg K)]
~fm Kelvin force [N/m3]

g gravitational acceleration [m/s2]

h = r0, radius of a vertical cylindrical enclosure

[m]

HR = h/r0 = 1, dimensionless radius of a vertical

cylindrical enclosure [–]
HZ = 2HR, dimensionless height of a vertical

cylindrical enclosure [–]

i electric current in a circular electric coil [A]

Nuave =

R 2p

0

R HR

0

oT conv
oZð ÞZ¼0;HZR�dR�duR 2p

0

R HR

0

oT cond
oZ

� �
Z¼0;HZ

R�dR�du
, average Nusselt

number at the end plate [–]

p pressure [Pa]
p 0 perturbed pressure [Pa]

P = p 0/p0, dimensionless pressure [–]
Pr = m/a, Prandtl number [–]
r radial coordinate [m]

R = r/r0, dimensionless radial coordinate [–]

Ra = gbðhh � hcÞr30=ðamÞ, Rayleigh number [–]

d~s electric coil element [m]

d~S = d~s=r0 [–]
t time [s]

T = (h � h0)/(hh � hc), dimensionless tempera-

ture [–]

u velocity in the radial direction [m/s]

U = u/u0, dimensionless velocity in the radial

direction [–]

v velocity in the circumferential direction [m/s]

V = v/u0, dimensionless velocity in the circum-
ferential direction [–]

w velocity in the axial direction [m/s]

W = w/u0, dimensionless velocity in the axial

direction [–]

z axial coordinate [m]

Z = z/r0, dimensionless axial coordinate [–]
Zco distance from the hot plate to the circular

electric coil [–]

Greeks

a thermal diffusivity [m2/s]

b volumetric coefficient of expansion [1/K]

c = vm0b
2
0=ðngr0Þ, ratio of Kelvin force to grav-

itational force [–]
h temperature [K]

h0 = (hh + hc)/2, reference temperature [K]
hc cold plate temperature [K]

hh hot plate temperature [K]

k thermal conductivity [W/(m K)]

l viscosity [Pa s]

m kinematic viscosity [m2/s]

n magnetic permeability in a vacuum [H/m]
q density [kg/m3]

q0 density at the reference temperature [kg/m3]

s = t/t0, dimensionless time [–]

vm mass magnetic susceptibility [m3/kg]

vm0 = vm, mass magnetic susceptibility at the ref-
erence temperature [m3/kg]

vv = qvm, volumetric magnetic susceptibility [–]

u circumferential coordinate [rad]

Subscripts

ave average

c cold plate

co circular electric coil

cond conductive heat transfer

conv convective heat transfer

h hot plate
max maximum

Z axial component

0 reference value for dimensionless variable
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effect of a strong magnetic field were rigorously carried

out in various fields such as chemistry, biology, and

engineering, and many interesting phenomena, such as

that by Wakayama (1991a,b), Berry and Geim (1997),

Uetake et al. (1999), Tagami et al. (1999), etc., have been

reported. Reports on the Kelvin force related to the pres-

ent study include those by Braithwaite et al. (1991),

Wakayama�s group (Bai et al., 1999; Qi et al., 1999,
2001a,b; Wakayama et al., 1997), Gray et al. (2001),

and Ozoe�s group (Akamatsu et al., 2003, 2005; Kaneda

et al., 2002a,b,c; Maki et al., 2002; Shigemitsu et al.,

2003; Tagawa et al., 2001, 2002a,b, 2003), in which the

control of convection in paramagnetic and diamagnetic

fluids in enclosures were investigated.
The present study focuses on how a Kelvin force af-

fects the flow of water with the diamagnetic property in

an enclosure with a thermal gradient. Therefore,

numerical computations were carried out to clarify

the effect of Kelvin force on the flow of water in a ver-

tical cylindrical enclosure heated from below and

cooled from above under a vertical magnetic field

gradient.
2. Governing equations

The Kelvin force acting on a fluid is given as follows,

according to Carruthers and Wolfe (1968):
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~fm ¼ vv
2n

~rb2 ¼ qvm
2n

~rb2; ð1Þ

where vv = qvm is the volumetric magnetic susceptibility,

q is the density, vm is the mass magnetic susceptibility

and n is the magnetic permeability in a vacuum.

The Kelvin force is a body force. Under an inhomo-

geneous magnetic field, this force is generated and can

be included in the Navier–Stokes equation:

q
D~u
Dt

¼ �~rp þ lr2~uþ qvm
2n

~rb2 þ q~g; ð2Þ

where l is the viscosity.

At the reference state of the isothermal state, there

will be no convection. Therefore, Eq. (2) becomes:

0 ¼ �~rp0 þ
q0vm0
2n

~rb2 þ q0~g; ð3Þ

where q0 and vm0 are, respectively, the density and the

mass magnetic susceptibility at the reference temper-

ature.

Pressure p can be represented by the summation of p0
at the isothermal state of the reference temperature and
p 0 at the perturbed state:

p ¼ p0 þ p0. ð4Þ
In the non-isothermal state, convection will occur due

to the differences of density and the mass magnetic sus-
ceptibility. Cini and Torrini (1968) reported that the

magnetic susceptibility of water was dependent on tem-

perature. However, in the temperature range from 0 to

80 �C, the change of magnetic susceptibility is minute.

Therefore, it was considered that the mass magnetic sus-

ceptibility of water was independent of temperature in

the present numerical computations. Therefore, sub-

tracting Eq. (3) from Eq. (2) gives:

q
D~u
Dt

¼ �~rp0 þ lr2~uþ ðq � q0Þvm0
2n

~rb2 þ ðq � q0Þ~g.

ð5Þ
By a Taylor expansion around a static state:

q ¼ q0 þ ðoq=ohÞ0ðh � h0Þ þ � � � ; ð6Þ
where

b ¼ �fðoq=ohÞ=qg0. ð7Þ

b is the volumetric coefficient of expansion. With the

Boussinesq approximation, physical properties are con-

stant at h = h0.
Eq. (5) becomes:

D~u
Dt

¼�
~rp0

q0

þ mr2~u� vm0
2n

bðh� h0Þ~rb2 � bðh� h0Þ
0

0

�g

0
B@

1
CA;

ð8Þ

where m is the kinematic viscosity.
The dimensionless governing equations in cylindrical

coordinates become as follows. The equation of continu-

ity becomes:

1

R
o

oR
ðRUÞ þ 1

R
oV
ou

þ oW
oZ

¼ 0. ð9Þ

The momentum equation in the radial direction

becomes:

oU
os

þ U
oU
oR

þ V
R

oU
ou

þ W
oU
oZ

� V 2

R

¼ � oP
oR

þ Pr
o

oR
1

R
o

oR
ðRUÞ


 ��

þ 1

R2

o2U
ou2

þ o2U

oZ2
� 2

R2

oV
ou



� 1

2
cRaPrT

oB2

oR
. ð10Þ

The momentum equation in the circumferential direc-
tion becomes:

oV
os

þ U
oV
oR

þ V
R

oV
ou

þ W
oV
oZ

þ UV
R

¼ � 1

R
oP
ou

þ Pr
o

oR
1

R
o

oR
ðRV Þ


 ��

þ 1

R2

o2V
ou2

þ o2V

oZ2
þ 2

R2

oU
ou



� 1

2
cRaPrT

oB2

ou
. ð11Þ

The momentum equation in the axial direction becomes:

oW
os

þ U
oW
oR

þ V
R

oW
ou

þ W
oW
oZ

¼ � oP
oZ

þ Pr
1

R
o

oR
R
oW
oR

� �
þ 1

R2

o2W
ou2

þ o2W

oZ2

� 


� 1

2
cRaPrT

oB2

oZ
þ RaPrT . ð12Þ

The energy equation becomes:

oT
os

þ U
oT
oR

þ V
R

oT
ou

þ W
oT
oZ

¼ 1

R
o

oR
R
oT
oR

� �
þ 1

R2

o2T
ou2

þ o2T

oZ2
. ð13Þ

The distribution of magnetic induction was computed
by Biot–Savart�s law as seen in Eq. (14), as

~B ¼ � 1

4p

I ~R� d~S

R3
. ð14Þ

In the present numerical computations, we consid-

ered the axial symmetry system in a vertical cylindrical

enclosure as the first step of research to clarify the mech-

anism of the magnetothermal convection of water under

the Kelvin force. Hence, in Eqs. (9)–(13), all the deriva-

tives in a circumferential direction become zero. The fol-

lowing dimensionless variables were employed in the
above equations:



Fig. 1. Schematic representation of the model system used in the

present numerical computations.
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R ¼ r
r0
; Z ¼ z

r0
; s ¼ t

t0
;

U ¼ u
u0

; V ¼ v
u0

; W ¼ w
u0

;

P ¼ p0

p0
; T ¼ h � h0

hh � hc
; ~B ¼

~b
b0

;

Ra ¼ gbðhh � hcÞr30
am

; Pr ¼ m
a
; c ¼ vm0b

2
0

ngr0
;

where s is the dimensionless time, h0 is the reference tem-
perature, hh is the hot plate temperature, hc is the cold
plate temperature, a is the thermal diffusivity, m is the

kinematic viscosity, c is the ratio of the Kelvin force

to the gravitational force, vm0 is the mass magnetic sus-
ceptibility at the reference temperature and n is the mag-
netic permeability in a vacuum.

Here, reference values were defined as follows:

r0 ¼ h; u0 ¼
a
r0
; t0 ¼

r0
u0

;

h0 ¼
hh þ hc

2
; p0 ¼ q0u

2
0; b0 ¼

ni
r0
;

where h is the radius of a vertical cylindrical enclosure

and i is the electric current in a circular electric coil.
3. Computational schemes

The dimensionless governing equations were numeri-

cally solved by a finite difference method. Inertial terms

were approximated by the higher-order up-wind scheme

called the UTOPIA scheme. Pressure and velocity cor-

rections were solved with the HSMAC scheme (Hirt

et al., 1975).
4. Model system

The simple model system shown in Fig. 1 was as-

sumed in order to clarify the effect of the Kelvin force

on the flow of water in a vertical cylindrical enclosure

with a thermal gradient under a vertical magnetic field
gradient. In this model system, the vertical cylindrical

enclosure is assumed to be placed inside the bore space

of a super-conducting magnet. The cylindrical enclosure

is heated from below and cooled from above isother-

mally. The sidewall is thermally insulated. The broken

line with the arrow shows a circular electric coil and

the electric current circulating within the coil. The cylin-
Table 1

Effect of grid number on average Nusselt number at the hot and cold plates

R · Z The system without the magnetic field (c = 0)

(Nuave)c (Nuave)h (Nuave)c/(Nuave)h

20 · 40 3.4828 3.3805 1.0303

32 · 64 3.4364 3.4233 1.0038

40 · 80 3.4283 3.4237 1.0013
drical enclosure and the circular electric coil are placed

coaxially. The distribution of a vertical magnetic field

was computed by Biot–Savart�s law as shown in Eq.

(14) for electric current circulating within a circular elec-

tric coil. The Kelvin force that is produced by the gradi-

ent of magnetic field is dependent on the position and
the size of a circular electric coil. Therefore, the circular

electric coil was placed either at the hot or the cold plate.

In addition, the diameter of the circular electric coil was

set to be 2.5 or 5 times that of the cylindrical enclosure.

The numerical computations were carried out under

the following conditions.

Initial conditions:

T ¼ U ¼ V ¼ W ¼ 0 at s ¼ 0.

Boundary conditions:

T ¼þ0.5; U ¼ V ¼W ¼ 0 at 05R<HR and Z ¼ 0;

T ¼�0.5; U ¼ V ¼W ¼ 0 at 05R<HR and Z ¼HZ;

oT
oR

¼ 0; U ¼ V ¼W ¼ 0 at R¼HR and 0< Z <HZ.

5. Effect of computational grid number

In order to check the effect of computational grid

number, sample computations were carried out for the
(Ra = 104, Pr = 5.85)

The system with the magnetic field (c = �400 and Zco = 2)

(Nuave)c (Nuave)h (Nuave)c/(Nuave)h

7.7126 7.0709 1.0908

7.7658 7.7286 1.0048

7.7020 7.7067 0.99939



Fig. 2. Geometry of the enclosure and the grid of 32 · 64 in the radial

and axial directions.

Fig. 3. An axial profile of the axial component of dimensionless

magnetic induction (BZ) on the centerline when the circular electric coil

with 2.5 or 5 times the diameter of an enclosure was placed at the hot

plate Zco = 0.

Table 2

Physical properties of water at 0.1013 MPa and 300 K

Symbol Property Quantity Unit

cp Specific heat capacity

at constant pressure

4.177 · 103 J/(kg K)

b Volumetric coefficient

of expansion

2.7454 · 10�4 K�1

k Thermal conductivity 6.104 · 10�1 W/(m K)

l Viscosity 8.544 · 10�4 Pa s

q0 Density 996.555 kg/m3

vm0 Mass magnetic susceptibility �9.0478 · 10�9 m3/kg
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model system shown in Fig. 1. The domain within the

vertical cylindrical enclosure was divided into small

meshes with finer meshes near the wall and at the center

of the enclosure. A staggered grid was employed so that

the mass balance could be satisfied in each grid cell. Grid

numbers of 20 · 40, 32 · 64, and 40 · 80 in the radial
and axial directions were tested in the system with and

without the magnetic field for Ra = 104, Pr = 5.85, and
Fig. 4. The gradient of the square of magnetic induction (gradB2) that

is produced under a vertical magnetic field gradient when the circular

electric coil with 2.5 times the diameter of the cylindrical enclosure was

placed at (a) the hot plate Zco = 0 and (b) the cold plate Zco = 2.

Table 3

Reference values

Symbol Property Quantity Unit

p0 Reference pressure 2.143 · 10�7 Pa

r0 Radius of a vertical

cylindrical enclosure

1.0 · 10�2 m

t0 Reference time 6.819 · 102 s

u0 Reference velocity 1.466 · 10�5 m/s

h0 Reference temperature 3.0 · 102 K
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c = 0 or �400. The computed results of average Nusselt

number at the hot and cold plates are listed in Table 1.

In the system without the magnetic field c = 0, the ratio

of average Nusselt number at the hot and cold plates

(Nuave)c/(Nuave)h was 1.0303 for grids 20 · 40, 1.0038
for grids 32 · 64, and 1.0013 for grids 40 · 80. In the sys-
tem with the magnetic strength of c = �400 when the

circular electric coil with 2.5 times the diameter of the

vertical cylindrical enclosure was placed at the cold plate

Zco = 2, (Nuave)c/(Nuave)h was 1.0908 for grids 20 · 40,
1.0048 for grids 32 · 64, and 0.99939 for grids 40 · 80.
For grid numbers of 32 · 64 and 40 · 80, it is considered
that the heat balance in the system with and without the

magnetic field is almost maintained. Considering com-
putational time, we used the grid of 32 · 64 in the sub-

sequent computations, as seen in Fig. 2. This is

because the main concern was to clarify the effect of Kel-
Fig. 5. The transition of velocity and temperature fields to the steady state w

cylindrical enclosure was placed at the hot plate under a non-gravitational

(b) s = 0.07 [–].
vin force on the flow of water rather than to determine

accurate numerical values of the average Nusselt

number.
6. Computed results

Fig. 3 shows an axial profile of the axial component

of dimensionless magnetic induction (BZ) on the center-

line when the circular electric coil 2.5 or 5 times the

diameter of the enclosure was placed at the hot plate

Zco = 0. Closed circles show the profile for the circular

electric coil 2.5 times this diameter, and the open circles

5 times this diameter. Table 2 shows the physical prop-
erties of water (Gebhart et al., 1988; Japan Society of

Thermophysical Properties, 2000; The Chemical Society

of Japan, 2001) at 0.1013 MPa and 300 K. For a dia-
hen the circular electric coil with 2.5 times the diameter of the vertical

field for cRa = �2 · 106, Pr = 5.85, and Zco = 0. (a) s = 0.02 [–] and



Fig. 6. The transition of velocity and temperature fields to the steady state when the circular electric coil with 2.5 times the diameter of the vertical

cylindrical enclosure was placed at the cold plate under a non-gravitational field for cRa = �2 · 106, Pr = 5.85, and Zco = 2. (a) s = 0.02 and (b)

s = 0.035.
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magnetic substance such as water, the mass magnetic
susceptibility has a negative value. Table 3 shows the

reference values.

Fig. 4(a) and (b) shows the gradient of the square of

magnetic induction (gradB2) that is produced under a

vertical magnetic field gradient when the circular electric

coil with 2.5 times the diameter of the cylindrical enclo-
Table 4

Average Nusselt number at the hot and cold plates in the steady state

for the circular electric coil with 2.5 times the diameter of the vertical

cylindrical enclosure in a non-gravitational field (Pr = 5.85)

cRa Zco = 0 Zco = 2

(Nuave)c (Nuave)h (Nuave)c (Nuave)h

�2 · 106 1.0598 1.0611 5.7205 5.7243
sure was placed at (a) the hot plate Zco = 0 and (b) the
cold plate Zco = 2.

To begin, we carried out the numerical computations

in a non-gravitational field to clarify the effect of Kelvin

force alone. In a gravitational field, the governing

parameters are the Prandtl number (Pr), the Rayleigh

number (Ra), and the ratio of the Kelvin force to the

gravitational force (c). However, in a non-gravitational

field, Ra becomes zero and c becomes infinity. To cir-
cumvent these problems, the product of c by Ra was

used as one of the governing parameters in a non-

gravitational field. This is because the gravity is elimi-

nated. As a result, in a non-gravitational field, the right

side in Eq. (12) consists of the terms of pressure, viscos-

ity, and Kelvin force so that the buoyancy term is

eliminated.



Table 5

Maximum axial velocity at the central axisWmax and average Nusselt number at the hot plate (Nuave)h for the circular electric coil with 2.5 or 5 times

the diameter of the vertical cylindrical enclosure in a gravitational field (Ra = 104, Pr = 5.85)

c 2.5 times 5 times

Zco = 0 Zco = 2 Zco = 0 Zco = 2

Wmax (Nuave)h Wmax (Nuave)h Wmax (Nuave)h Wmax (Nuave)h

0 �87.53 3.4233 �87.53 3.4233 �87.53 3.4233 �87.53 3.4233

�50 �51.51 3.0468 �130.9 4.6578 �85.16 3.4611 �92.17 3.5609

�100 �15.58 1.3341 �165.3 5.3750 �82.41 3.4737 �96.59 3.6847

�200 �8.818 1.1350 �224.0 6.3852 �76.22 3.4532 �104.9 3.9049

�300 �8.064 1.1205 �274.7 7.1301 �69.57 3.3856 �112.9 4.1008

�400 �8.026 1.1163 �320.1 7.7286 �62.62 3.2663 �120.5 4.2771

-400 -300 -200 -100 0

1

4

7

10

 [-]

2.5 times, Zco = 0  

2.5 times, Zco = 2

5.0 times, Zco = 0

5.0 times, Zco = 2

A
verage N

usselt num
ber [-]

Fig. 7. Average Nusselt number at the hot plate (Nuave)h versus the

strength of the magnetic field c in a gravitational field for the circular

electric coil with 2.5 or 5 times the diameter of the vertical cylindrical

enclosure at Ra = 104 and Pr = 5.85. A cross symbol indicates (Nuave)h
without a magnetic field.
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Figs. 5 and 6 show the computed results in a non-

gravitational field. Fig. 5 shows the transition of velocity

and temperature fields to the steady state when the cir-

cular electric coil with 2.5 times the diameter of the ver-

tical cylindrical enclosure was placed at the hot plate for

cRa = �2 · 106, Pr = 5.85, and Zco = 0. For this case,

the gradient of the square of magnetic induction is pro-

duced as shown in Fig. 4(a). Under the initial conditions
of T = U = V =W = 0, by applying thermal and mag-

netic field gradients, the magnetothermal convection

slightly developed only near the hot plate, as seen in

Fig. 5(a). Subsequently, the magnetothermal convection

hardly developed, as seen in Fig. 5(b). Corresponding

figures for cRa = �2 · 106, Pr = 5.85, and Zco = 2 are

shown in Fig. 6. For this case, the gradient of the square

of magnetic induction is produced as shown in Fig. 4(b).
In the first place, the magnetothermal convection was

induced only near the cold plate, as seen in Fig. 6(a).

Subsequently, the magnetothermal convection gradually

developed with time, as seen in Fig. 6(b). Finally, the

low-temperature fluid near the central axis collided with

the hot plate. From Figs. 5 and 6, it is shown that the

magnetothermal convection was induced from the vicin-

ity of the circular electric coil. The average Nusselt num-
ber at the hot and cold plates in the steady state for

these cases is listed in Table 4. We also carried out the

numerical computations for cRa = �2 · 106, Pr = 5.85,

and Zco = 0 or 2 under the initial conditions of T =

0.5(1 � Z) and U = V =W = 0. For these cases, the

transition of velocity and temperature fields to the stea-

dy state was almost the same as those in Figs. 5 and 6,

and transient computations converged earlier than those
under the initial conditions of T = U = V =W = 0. The

Kelvin force term depends on cRa, Pr, T and the gradi-

ent of the square of magnetic induction. However, it was

shown that the solution at the steady state was not

dependent on the temperature field of the initial

condition.

In order to estimate the contribution of gravitational

buoyant force, we then carried out the numerical com-
putations including a gravitational field. Transient com-

putation converged under all numerical conditions. The

numerical data of the maximum axial velocity at the
central axis Wmax and the average Nusselt number at

the hot plate (Nuave)h for the circular electric coil with

2.5 or 5 times the diameter of the vertical cylindrical

enclosure in a gravitational field are listed in Table 5.

The axial velocity with the negative value shows the flow

of the gravity direction. The average Nusselt number at

the hot plate in a gravitational field is summarized in

Fig. 7. A cross symbol indicates the value in the system
without the magnetic field. In Fig. 8, velocity vectors,

temperature contours, and isothermal planes at the stea-

dy state in the system without the magnetic field are

shown. In the system with the magnetic field, the aver-

age Nusselt number strongly depended on the size and

the axial position of a circular electric coil in addition

to the magnetic strength, as shown in Fig. 7. By placing

the circular electric coil at the hot plate Zco = 0, the
average Nusselt number decreased with the increase of

jcj. Under the circular electric coil with 2.5 times the

diameter of the enclosure, the conduction state was

nearly attained for c = �200 and Zco = 0. In Fig. 9,



Fig. 8. (a) Velocity vectors, (b) temperature contours, and (c) isothermal planes at the steady state in the system without the magnetic field for

Ra = 104, Pr = 5.85, and c = 0.
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velocity vectors, temperature contours, and isothermal

planes at the steady state for this case are shown. The
transition of velocity and temperature fields to the

steady state was almost the same as that in a non-grav-

itational field, as shown in Fig. 5. This result indicates

that the Kelvin force overcomes buoyant gravitational

force. In a vertical cylindrical enclosure with a magnetic

field gradient, as shown in Fig. 4(a), the high-tempera-

ture fluid near the hot plate receives both the radial Kel-

vin force towards the sidewall from the centerline and
the axial Kelvin force toward the hot plate; the low-tem-

perature fluid near the cold plate receives the axial Kel-

vin force towards the cold plate, as shown in Fig. 11(a).
Namely, it is considered that the natural convection can-

not develop by these Kelvin forces. On the other hand,
by placing the circular electric coil at the cold plate

Zco = 2, the reverse tendency was computed; i.e., the

average Nusselt number increased with the increase of

jcj, as seen in Fig. 7. Under the circular electric coil with

2.5 times the diameter of an enclosure for c = �400 and
Zco = 2, the average Nusselt number became about 2.3

times that for c = 0. In Fig. 10, velocity vectors, temper-

ature contours, and isothermal planes at the steady state
for c = �200 and Zco = 2 are shown. In a vertical cylin-

drical enclosure with a magnetic field gradient, as shown

in Fig. 4(b), the high-temperature fluid near the hot



Fig. 9. (a) Velocity vectors, (b) temperature contours, and (c) isothermal planes at the steady state in the system with the magnetic field when the

circular electric coil with 2.5 times the diameter of the vertical cylindrical enclosure was placed at Zco = 0 for Ra = 104, Pr = 5.85, and c = �200.
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plate receives the axial Kelvin force toward the cold

plate; the low-temperature fluid near the cold plate re-
ceives both the radial Kelvin force toward the centerline

from the sidewall and the axial Kelvin force toward the

hot plate, as shown in Fig. 11(b). Namely, it is consid-

ered that the natural convection is enhanced by these

Kelvin forces.

Here, when the radius of a cylindrical enclosure is

r0 = 1.0 · 10�2 m, dimensional velocity �320 corre-

sponds to �4.69 · 10�3 m/s. The maximum temperature
difference hh � hc is 0.47 K at Ra = 104. When the

strength of a magnetic field is c = �400, the maximum
value of bZ at the central axis is about 14.8 T for the cir-

cular electric coil with 2.5 times the diameter of an
enclosure and about 7.38 T for the circular electric coil

with 5 times the diameter of an enclosure.
7. Conclusions

The present study focused on how a Kelvin force af-

fects the flow of water with the diamagnetic property in
an enclosure with thermal and magnetic gradients. Two-

dimensional numerical computations were carried out



Fig. 10. (a) Velocity vectors, (b) temperature contours, and (c) isothermal planes at the steady state in the system with the magnetic field when the

circular electric coil with 2.5 times the diameter of the vertical cylindrical enclosure was placed at Zco = 2 for Ra = 104, Pr = 5.85, and c = �200.
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using the model system of the vertical cylindrical enclo-

sure heated from below and cooled from above under a

vertical magnetic field gradient, and we concluded the

following.

When the circular electric coil is placed at the lower

end plate which is heated isothermally, the Kelvin force

suppresses the generation of natural convection of
water. When the circular electric coil is placed at the

upper end plate, which is cooled isothermally, the Kel-

vin force enhances the natural convection of water.

The Kelvin force varies with the density and the gradient

of the square of magnetic induction. In the enclosure

with thermal and magnetic gradients, the Kelvin force
acts on the high-temperature water with a small density

as the attractive force and the low-temperature water

with a large density as the repulsive force. When the cir-

cular electric coil is placed at the cold plate, the colder

fluid is repelled from the higher magnetic field region

and the hotter fluid is attracted toward the higher mag-

netic field region. Therefore, the natural convection is
enhanced by the Kelvin force. Even in a non-gravita-

tional field, the Kelvin force destabilizes the water in

the quiescent conduction state.

Our numerical results suggest that the Kelvin force

can be utilized to control the flow and the heat transfer

rate of diamagnetic fluid in an enclosure with thermal



Fig. 11. The Kelvin force (�0.5cRaPrTgradB2) that is produced

under a vertical magnetic field gradient when the circular electric coil

with 2.5 times the diameter of the vertical cylindrical enclosure was

placed at (a) the hot plate Zco = 0 and (b) the cold plate Zco = 2 for

Ra = 104, Pr = 5.85, and c = �200.
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and magnetic gradients under both gravitational and

non-gravitational fields. However, there is yet no exper-

imental data on the model system using the present com-

putation. Therefore, experimental results will need to be
obtained to prove these numerical results.
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